Abstract. Let B be a ring with 1, C the center of B, G a finite automorphism group of B, and B G the set of elements in B fixed under each element in G. Then, the notion of a center Galois extension of B G with Galois group G (i.e., C is a Galois algebra over C G with Galois group G| C G) is generalized to a weak center Galois extension with group G, where B is called a weak center Galois extension with group G if BI i = Be i for some idempotent in C and
1. Introduction. Galois theory for fields was generalized for rings in the sixties and seventies [3, 4, 7, 8] . Let B be a ring with 1, G = {g 1 = 1,g 2 ,...,g n } an automorphism group of B of order n for some integer n, C the center of B, and B G the set of elements in B fixed under each element in G. There are several well-known classes of noncommutative Galois extensions: (1) the DeMeyer-Kanzaki Galois extension B (i.e., B is an Azumaya C-algebra which is a Galois algebra with Galois group G| C G) [3, 7] , (2) the H-separable Galois extension B (i.e., B is a Galois and a H-separable extension of B G ) [8] , (3) the Azumaya Galois extension B (i.e., B is a Galois extension of B G which is an Azumaya C G -algebra) [1] , (4) the central Galois algebra [3, 4, 7] , and (5) the center Galois extension B (i.e., C is a Galois algebra over C G with Galois group G| C G) [11] . We note that a commutative Galois extension is a DeMeyer-Kanzaki Galois extension which is a center Galois extension. It is well know that C is a Galois extension of C G if and only if the ideals generated by {c − g(c) | c ∈ C} is C for each g = 1 in G [2, Proposition 1.2, page 80]. This fact was generalized in [11] to a center Galois extension; that is, B is a center Galois extension of B G if and only if the ideals
for each g i = 1 in G (for more about center Galois extensions, see [5, 6, 9, 10, 11] 
3. Weak center Galois extensions. In [11] , the present authors showed that a center Galois extension B is equivalent to each of the following statements: (i) BI i = B for each g i = 1 in G and (ii) B is a Galois extension of B G with a Galois system
..,m} for some integer m. In this section, we generalize this characterization to a weak center Galois extension B with group G. We begin with the following lemma. 
Lemma 3.1. If B is a weak center Galois extension with group
G, then (1) g i restricted to Be i is an automorphism of Be i . (2) Be i is a {g i }-Galois extension of (Be i ) {g i } . Proof. (1) For any b = m k=1 b k (c k − g i (c k )) ∈ BI i = Be i , where b k ∈ B and c k ∈ C, k = 1, 2,...,m for some integer m, we have g i (b) = g i m k=1 b k (c k − g i (c k )) = m k=1 g i (b k )(g i (c k ) − g i (g i (c k ))) ∈ BI i = Be i .− e i ) − g i (c(1 − e i )) = (c − g i (c))(1 − e i ) ∈ Ce i ∩ C(1 − e i ) = {0}.
Recall that B is called a T -Galois extension of B
T for a subset T (not necessary a subgroup) of G if B contains a T -Galois system. Next, we give a structure of a weak center Galois extension with group G.
Lemma 3.3. Assume B is a weak center Galois extension with group G. Let T j = {g i ∈ G | BI i = Be j , i.e., e i = e j }. Then Be j is a T j -Galois extension of (Be j )
T j for each j = 1.
Proof. By the proof of Lemma 3.1(2), for each g i ∈ T j , there is a {g i }-Galois system 
.,t, we have
..,m i l and l = 1, 2,...,t} is a T j -Galois system for Be j . This completes the proof. Moreover, since E = {e j | j = 1, 2,...,m} is the set of all distinct idempotents in {e i | BI i = Be i for g i = 1 in G}, it is easy to see that T i ∩T j = ∅, the empty set for i = j and that (2) is an immediate consequence of part (1), and Theorem 3.2 implies part (3). We remark that the partition of G − {1}, {T j ⊂ G, j = 1, 2,...,m} is determined by the set of all distinct idempotents in {e i | BI i = Be i for g i = 1 in G}.
When G is abelian, we obtain a stronger structure of a weak center Galois extension with group G. where {(a 1 ,a 2 , 0, 0, 0) | a 1 ,a 2 ∈ Q}, Bf 2 = {(0, 0,a 3 ,a 4 , 0) | a 3 ,a 4 , and e 4 = (1, 1, 1, 1, 0) , we have C (1−e 2 ) = {(0, 0,a 3 ,a 4 ,a 5 ) | a 3 ,a 4 ,a 5 ∈ Q}, C(1−e 3 ) = {(a 1 ,a 2 , 0, 0,a 5 ) | a 1 ,a 2 ,a 5 ∈ Q}, and C(1 − e 4 ) = {(0, 0, 0, 0,a 5 ) | a 5 ∈ Q}. So g i restricted to C(1 − e i ) is an identity for each g i = 1 in G.
Proof. For any c − g i (c) ∈
I i , g j (c − g i (c)) = g j (c) − g i (g j (c)) ∈ I i .T (i) = ∪ k i l=1 T j l . Thus, B = ⊕ p i=1 Bf i ⊕B(1−∨ p i=1 f i ) such that Bf i is a T (i) -Galois extension of (Bf i ) T (i) for i = 1,
